Abstract. We theoretically explored the feasibility of a tunable metamaterial using binary as well as core-shell nanoparticle dispersed liquid crystal cells in the infrared and optical regimes. Owing to the spatial variation of the permittivity of the liquid crystal host upon the application of a bias voltage, the host was decomposed into a layered medium and the effective refractive index recalculated for each layer due to the distribution of polaritonic and plasmonic nanoparticles. The scattering, extinction, and absorption of such a nanoparticle dispersed liquid crystal cell were also found. Depending on the applied voltage bias across the liquid crystal host, the types of nanoparticles used, and their radii and volume-filling fractions in the liquid crystal host, near-zero as well as negative index of refraction can be obtained over a range of frequencies, according to the effective medium theory. C 2011 Society of Photo-Optical Instrumentation Engineers (SPIE).
Introduction
During the last decade, and after Pendry's famous paper on superresolution using a superlens, 1 there has been a plethora of work on metamaterials. Metamaterials are artificial materials that exhibit strong magnetic and electric response in a certain range of frequencies that may result in a negative refractive index which leads to new optical phenomena such as negative refraction, 2 superlensing, 1 and can lead to numerous possible applications such as sensors 3 and cloaking. 4 A lot of work has been dedicated to make such a metamaterial practical, low cost, and tunable. Using a tunable material such as liquid crystal (LC) to construct such a structure has been reported in the literature by the group of Khoo et al. [5] [6] [7] [8] [9] In their work they have used coreshell nanospheres to theoretically demonstrate negative index materials (NIMs) in the terahertz regime. 5 Also, they have recently used a dye doped nematic liquid crystal showing a lowered loss in the UV region of the spectrum where the real part of the index of refraction is less than unity but not negative. 8 LCs have large optical anisotropy and are sensitive to temperature and external electromagnetic fields which make them good candidates for dynamic metamaterials. 10, 11 Since nematic LCs are anisotropic materials, the physical properties of the system vary with the average alignment profile of the director. Nematic LCs are characterized by an orientational order but not a translational order. The principal axes of the molecules are oriented on an average along a direction called the director which is apolar in nature. In the smectic phase, in addition to the orientational order, a one dimensional translational order is also present, resulting in a layered arrangement of the LC molecules.
The most important advantages of this approach are: a. ease of obtaining/designing NIMs in the IR/optical range, b. tunability depending on the electric (and possibly, magnetic or optical) fields applied to the LC cell (LCC), volume filling fraction, nanoparticle size, etc., c. ease of fabrication, and d. low cost. Finally, one can incorporate a large variety of nanoparticles due to the fluid nature of LC.
Our work is mainly based on binary nanoparticles dispersed in a nematic LC for both the IR and optical regimes, while the work reported in Refs. 5-8 uses core-shell nanoparticles. The binary nanoparticles used for IR in our calculations are similar to those used for core-shell structures in Refs. 5-8. The nanoparticles used in our optical regime calculations, viz., Ag and CuCl (for both binary and core-shell cases), which use the excitonic property of the polaritonic materials, are different from those in Refs. 5-8. Furthermore, while it is true that we have used the same host, viz., nematic LCs as suggested in Refs. 5-9, we take into account the spatial variation in the permittivity, or equivalently the refractive index, of the LC host when a bias voltage is applied to the nanoparticle dispersed LC cell (NDLCC) structure. As is well-known, the spatial variation arises due to the fact that the molecular reorientation profile upon application of a bias voltage spatially modulates the permittivity (and hence the refractive index) of the LC, assumed to be nematic in this paper. Hence in our analysis, the host is treated as a layered medium with each layer possessing a different index of refraction due to the bias voltage, and thereafter, the effective refractive index profile due to the presence of nanoparticles of the layered structure is calculated using effective medium theory. So, in the biased case, the profile of the director angle and hence the refractive index (or permittivity) is numerically computed using COMSOL by simultaneously solving the Euler-Lagrange equation and the relation between the voltage and the director angle. This profile is thereafter discretized by decomposing the LCC into multilayers, and the effective refractive index in each layer is computed using effective medium theory.
The paper is organized as follows. In Sec. 2, a summary of the effective medium theory using Maxwell Garnett (MG) is presented, and applied to the case of binary and core-shell nanoparticles in a LC host. In Sec. 3 we present illustrative numerical results based on effective medium theory for NDLCCs made from various binary and core-shell nanoparticles. In particular, we examine the effective refractive index based on the angle between the propagation vector and the director axis, the effective real and imaginary parts of the refractive index through the biased NDLCC structure, and the effect(s) of changing the sizes of the nanoparticles and their filling fractions with a view to determine the tunability of the device. Section 4 concludes the paper.
Analysis of NDLCCs Using Effective Medium Theory
Pertinent IR/optical materials used for NDLCCs are characterized by their relative permittivity ε = ε + iε and relative permeability μ = μ + iμ. We start by using the Maxwell-Garnet formula and the Mie scattering theory applied to NDLCCs. Two cases are considered: a. binary dispersed nanoparticles and b. core-shell dispersed nanoparticles.
Consider the case of binary dispersed nanoparticle scatterers of permittivities ε 1 , ε 2 and permeabilities μ 1 , μ 2 , respectively, in a host medium of permittivity ε 3 and permeability μ 3 , as shown in Fig. 1 . In order to formulate the equations that govern the electromagnetic (EM) material properties of NDLCCs, we adopt the MG mixing theory. [12] [13] [14] In the NDLCCs, we have a medium with three different regions: the LC host material (region 3), the "polaritonic" nanoparticles (region 1), and the plasmonic nanoparticles (region 2). Since all materials are assumed to be nonmagnetic, their relative permeabilities can be set to be equal to 1.
Good candidates for polaritonic nanoparticle materials are a. LiTaO 3 in the far IR (FIR) regime (≈ 10 12 Hz), 15 b. TlBr, TlCl, SiC in the mid-IR regime (≈ 10 13 Hz), 16 and c. Cu 2 O, CuCl in the optical regime (≈ 10 14 Hz). 17 Their permittivities vary according to the DrudeLorentz model and can be expressed as, for instance, 
where
, ε 0 is the static dielectric constant, ε ∞ is the high frequency limit of the permittivity, ω T and ω L are the transverse and longitudinal optical phonon frequencies, respectively, γ 1 is the damping coefficient, the constant A is proportional to the exciton oscillation strength, and ω 0 is the exciton-polariton resonance frequency.
Good candidates for plasmonic nanoparticle materials are Ge, Ag, Au, and Cu, where their permittivities vary according to the Drude model:
where ω p is the plasma frequency (proportional to the square root of the impurity density for a semiconductor), and γ 2 is the damping factor similar to γ 1 defined above. 18 Finally, for the LC host and for linearly extraordinary polarized light, the permittivity is given by 5, 7, 8, 19 
where ε and ε ⊥ are the permittivities for light polarized parallel and perpendicular to the director axisn, respectively, and θ is the angle between the director axis and the optical wave vector k of the incident wave.
As stated in Sec. 1, it is important to note that while for an unbiased LCC, the angle between the k vector of the light and the director axis is constant as shown in Fig. 2(a) , for a biased LCC [as shown in Fig. 2(b) ], the permittivity (or equivalently, the refractive index), is not constant throughout the LCC, but varies according to the profile sketched in Fig. 2 (c) or 2(d). Hence, in the analysis of the NDLCC, we need to consider the biased LCC as a layered structure, each with its own permittivity or refractive index, and containing a distribution of binary (or core-shell) nanoparticles.
The effective permittivity ε eff and the effective permeability μ eff of the NDLCC can be found according to the extended MG theory (EMG), which is like the regular MG theory but with the incorporation of Mie scattering theory. [13] [14] [15] These relations are given by:
/c stand for the sphere size parameters in the host and the sphere mediums, respectively, r 1,2 are the physical radii of the polaritonic and plasmonic spheres, respectively, and f (1,2) = 4πNr 3 1,2 3 is the volume filling fraction occupied in the host by the scatterers. Also in Eq. (4),
are the n'th order electric-dipole (magnetic-dipole) components of the scattering T matrix of a single sphere,
, where J n , Y n are the n'th order spherical Bessel (Bessel) functions of the first and second types, respectively, and h (1) n (z) = j n (z) + iy n (z) is the n'th order spherical Hankel function of the first type. Also the functions ψ n (z) = zj n (z) = √ πz/2J n+0.5 (z), χ n (z) = −zy n (z) = − √ πz/2Y n+0.5 (z) are called the n'th order Riccati-Bessel functions of first and second type, respectively, and ξ n (z) = zh (1) 
is the n'th order Riccati-Hankel function of first type, with
From Eq. (5), the scattering, extinction, and absorption coefficients are given by:
Thus, the scattering cross section exhibits several resonances depending on the radii of the nanoparticles, and the scattering is very efficient at these wavelengths. For absorptive materials, the intensity of light beam decreases as ∝ e −α i l over a cell of thickness l, where
For the above equations to be valid, the quasistatic limit of the MG mixing rule, also known as EMG formula, obtained from Mie scattering theory need to be used. Note that the condition
1 must be satisfied; although it is not necessary that x 1,2 1. Unlike the static limit, the effective medium parameters in the quasistatic limit are dispersive even for a medium composed of nondispersive components. The EMG method can be used to calculate all the optical properties of the composite medium. In particular, the effective index n eff = √ ε eff μ eff can be used in the Snell's law to find the refraction of the incident beam. Note that the EMG effective constants obtained are complex even in the case of nonabsorbing spheres embedded in a nonabsorbing host. In this case the imaginary part is due to the extinction of the propagating beam due to scattering. Thus, EMG cannot be used to find absorption.
For a binary composite comprising two different kinds of nanospheres, the effective medium parameters can be obtained from the condition that the average extinction of random unit cells compared with that of the surrounding medium is zero 15 and the effective permittivity and permeability for the 1st order n = 1 are expressible through the relations
where f 12 = f 1 + f 2 is the total filling fraction of the spheres, 12 are the relative concentrations of the spheres types 1 and 2, respectively. An estimate of the maximum filling factors f of the nanoparticles can be obtained by assuming certain lattice structures. For 
For the case of core-shell nanoparticles shown in Fig. 3 , we can adopt the same MG mixing rule described above. In this case, we again have a medium with three different regions: the LC host material (region 3), the shell (region 2), and the core (region 1). Since all three materials are nonmagnetic, their relative permeabilities can again be set equal to 1. At or near resonance, the combination of the effective permittivities with that of the field-induced permittivity change in the NDLCCs host results in this effective refractive index to vary from positive to near-zero/negative refraction phenomenon. Good candidates for polaritonic and plasmonic nanoparticles have been discussed above.
In the core-shell case, the Mie scattering coefficients T
E[H ] n
(ω) correspond also to the electricdipole and magnetic dipole components of the scattering T matrix of core-shell nanospheres and can be found to be 5, 7, 8, 14 
where n
Also, in this case we can apply the MG formula to determine the effective permittivity ε eff and permeability μ eff of the NDLCCs given by the relations
where f is again the volume filling fraction of the core-shell nanoparticles.
Numerical Method and Results

Binary NDLCC in the FIR Regime
Different types of nanoparticles are chosen in order to yield negative refractive index in the desired operating wavelength range. In the FIR regime, LiTaO 3 and Ge can be used as polaritonic and plasmonic nanoparticles, respectively. 15 Figure 4 shows the scattering, absorption, and extinction coefficients as found from Eqs. (7a)-(7c). Figure 4(a) shows the approximation using the first term (n = 1) only, while Fig. 4(b) uses the first 10 terms (n = 1 to 10). We notice that the difference is small. So, for simplicity, in finding the effective medium, we use only the first term in the remainder of the paper.
Figures 5(a) and 5(b) show n eff and n eff parts of the refractive index as a function of wavelength and the angle between the k vector of the incident light and the director axis as explained above. The following parameters were used:
46 × 10 12 rad/s. We notice that the maximum negative index of refraction occurs at θ = 0 which corresponds to the case when ε 3 = ε ⊥ . Hence, we conclude that for a zero incidence angle (implying light incident normally onto the LCC), we need to apply maximum bias to the LCC in order to get the highest negative index because the majority of the LC molecules are then aligned perpendicular to the cell surface and hence parallel to the incident beam.
In order to visualize the change in the effective index of refraction throughout the NDLCC, we need to find the profile of the angle θ which affects the permittivity of the LC host. We assume that the molecules have a small (viz., 2
• ) pretilt in the x-z plane. The bias induced orientation is governed by the Euler-Lagrange equation: 19, 20 (
where θ is the angle between the molecular director and the propagation vector of the EM radiation, K 1 and K 3 are the Frank elastic constants for splay and bend, respectively, and ε st = ε st − ε ⊥st is the dielectric anisotropy. The potential distribution is given by:
Equations (12) and (13) are solved using a commercial software (COMSOL) which uses finite element methods with boundary conditions
• pre-tilt), to derive the NLC orientation across its thickness L. Typical values for E7, viz., K 1 ≈ 10 pN, K 3 ≈ 16 pN; ε ⊥st ≈ 5, ε st ≈ 20, corresponding to a threshold voltage of approximately 0.85 V are used. This information is used to determine the permittivity profile for the host LC. This profile is thereafter discretized by decomposing the LCC into multilayers, and the effective refractive index in each layer is computed using effective medium theory. Figure 6 shows the n eff profile in the LCC due to the electric field (bias voltage) for λ = 78.466 μm which is the wavelength that gives the maximum negative effective index as shown in Fig. 5 . We notice that if the bias voltage is much larger than the threshold voltage (4 V for a 40 μm sample) the bulk of the cell exhibits a negative effective index of refraction whereas at the boundaries of the cell, we may have a zero/positive index due to the anchoring effect of the LC particles with the glass slide keeping them from aligning with the electric field. For this reason the assumption of a constant θ is, indeed, valid for high values of the bias electric field. The presence of zero/positive refractive index near the boundaries of the NDLCC and negative index in the bulk of the NDLCC in this case, and other cases to follow, is in general agreement with the recent results of Pawlik et al. 21 which shows Monte-Carlo-based simulations of core-shell nanoparticles in LCs in the IR. Figure 7 shows the real (n eff ) and imaginary (n eff ) parts of the effective index of refraction versus wavelength computed from Eqs. (1) to (8) and for the same parameters as before, typically in the middle of the NDLCC structure. However, for large bias as pointed out earlier, this is also a representative plot of the "average" refractive index profile as a function of wavelength, since the angle between the incident field and the director axis is predominantly θ ≈ 0.
To demonstrate the tunability of such a structure, we propose to vary the volume fraction of the nanoparticles inside the LCC. Figure 8 is a representative plot showing the effect on n eff of changing the volume fractions f 1 and f 2 , while keeping the radii of the plasmonic and polaritonic nanoparticles at r 1 = 4 μm, r 2 = 1 μm. As a result n eff goes from negative through zero onto positive values, and the minimum achievable index over the range of variation of the volume fractions occurs when f 1 = 0.14, and f 2 = 0.24 and at approximately λ = 86 μm. Additionally, the location of the minimum depends on the volume fractions. Thus tunability of the effective index based on variations in the volume fractions of nanoparticles can be achieved.
Binary NDLCC for the Optical Regime
For the optical regime, one may use Au, Cu, or Ag instead of Ge as plasmonic nanoparticles since their plasma frequency is in the visible region, and use Cu 2 O or CuCl instead of LiTaO 3 for polaritonic nanoparticles. The polaritonic material chosen for this example is CuCl due to its large exciton oscillation strength parameter (A). Similar to the FIR case discussed above, we have verified that in finding the effective medium, use of only the first term in the series in Eq. (7) is justified. 
We notice once again that the maximum negative index of refraction occurs at θ = 0. As in the FIR case, the n eff profile in the NDLCC upon application of a high bias voltage (= 4V) can be calculated for the optical region (viz., at λ = 0.38722 μm). As has been plotted earlier in Fig. 6 for FIR, the results (not shown here for the sake of brevity) again show that negative index can be achieved through most of the bulk of the NDLCC, except near the boundaries. Figure 10 shows the real (n eff ) and imaginary (n eff ) parts of the effective index of refraction in the optical region of the spectrum, typically in the middle of the NDLCC structure. As in the case of Fig. 7 drawn for FIR, this is also a representative plot of the average refractive index profile as a function of wavelength for large bias, since the angle between the incident field and the director axis is predominantly θ ≈ 0. However, in this case, tunability in the optical regime through changing the volume fractions of the nanoparticles (as shown in Fig. 11 ) is much less than in the FIR regime (see Fig. 8 ), and decreasing the volume fractions essentially result in a decrease in the magnitude of the achievable negative refractive index. The reason for this is currently under investigation, along with other methods of obtaining tunability, viz., by varying nanoparticle sizes, or preferably electronically by varying the bias voltage across the NDLCC. Fig. 11 The effect on n eff in the optical regime of changing the volume fractions f 1 and f 2 while keeping the radii of the CuCl and Ag binary nanoparticles unchanged. 12 n eff (solid blue) and n eff (dashed red) versus wavelength in the optical regime for normal incidence on NDLCC at high bias (θ ≈ 0) for the case of CuCl and Ag core-shell nanoparticles.
Core-Shell NDLCC in the Optical Regime
For the core-shell case in the optical regime, Fig. 12 shows the real (n eff ) and imaginary (n eff ) parts of the effective index of refraction computed, again for normal incidence of the light and for large bias across the NDLCC. The calculations show that for the same numerical values of r 1 , r 2 , which however have a different connotation than the binary case, a much larger value of negative index is achieved, although the value of n eff is somewhat larger. Figure 13 shows the effect on n eff of keeping the same shell thickness while changing r 1 , r 2 . We notice that the location of the minimum peak changes as well as its value, suggesting tunability of such a device. We have also studied the effect of varying the shell thickness on the variation of n eff for the following parameters: r 2 = 31 nm and r 1 = [30, 29, 28, 27, 26, 25] nm. We have found that the maximum negative refractive index occurs when the shell thickness is approximately 4 nm with a slight shift of the location of the minimum peak. Finally, we have studied the effect on n eff of changing the volume fraction f while keeping the radii of the core and the shell fixed at r 1 = 29 nm, r 2 = 35 nm. We find that, as expected, decreasing f results in n eff going from negative through zero to finally all positive values.
Conclusion
In this paper we have theoretically studied a class of possible cheap, easy to fabricate, tunable metamaterials based on NDLCCs comprising different binary nanoparticles in the IR and optical regimes, and core-shell nanoparticles different from those used in Refs. [5] [6] [7] [8] in the optical regime, that could possibly be of great importance due to potential applications in superresolution lensing and sensors. The effective index of refraction is calculated according to the quasistatic limit of the extended MG theory. In the process, we have also taken into account the spatial variation in the permittivity, or equivalently the refractive index, of the host LC when a bias voltage is applied to the NDLCC structure. To achieve this, we have used the intrinsic refractive index (or permittivity) profile of the liquid crystal under bias to find the effective refractive indices of each layer and hence deduce the overall refractive index of the composite binary nanoparticle dispersed nematic liquid crystal structure with bias. The tunability of these cells based on nanoparticle sizes and filling fractions has also been studied. Our calculations show that for the choices of nanoparticles described, it is indeed possible to find a negative refractive index over a range of wavelengths. For instance, using CuCl and Ag binary (as well as core-shell) nanoparticles of appropriate dimensions and filling factors, a negative index is predicted around a wavelength of 0.387 μm (visible). Similarly, using LiTaO 3 and Ge binary nanoparticles of appropriate dimensions and filling factors, negative index is predicted around a wavelength of 77 μm (FIR). A more rigorous analysis using optimization techniques for the volume fraction and radii of the nanoparticles needs to be done for obtaining the highest negative index in a typical cell. Electronic tunability, as well as the ability to change the overall net negative index based on net optical path length through the structure, add to the uniqueness of the design. While one of the drawbacks of these NDLCC structures is the rather high absorption, we hope that by carefully choosing and incorporating the right active materials such as dyes along with the nanoparticle mixture, transmission through these NDLCC structures in the negative index regime can be greatly enhanced.
